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Let cr, t € R, s — a -\- it, r(s) be the Gamma function, C(s) be the Riemann zeta function and 
5(s) := s(s — l)7r“'’/^r(s/2)(^(s) be the complete Riemann zeta function. We show that Ho-(t) : = 
(.{cr — it) /^{a) is a characteristic function for any cr G R by giving the probability density function. 
Next we prove that the Riemann hypothesis is true if and only if each Ho-(t) is a pretended- 
infinitely divisible characteristic function, which is defined in this paper, for each 1/2 < cr < 1. 
Moreover, we show that Ho-(t) is a pretended-infinitely divisible characteristic function when 
a — 1. Finally we prove that the characteristic function E.a{t) is not infinitely divisible but 
quasi-infinitely divisible for any cr > 1. 

Keywords: characteristic function; Levy-Khintchine representation; Riemann hypothesis; zeta 
distribution 


1. Introduction and main results 

1.1. Riemann zeta function and distribution 

The famous Riemann zeta function ^(s) is a function of a complex variable s = a -\- it, 
for (T > 1 defined by 


n=l 


1 




-1 


where the letter p is a prime number, and the product of Up is taken over all primes. The 
Dirichlet series ^ind the Euler product np(l ~ converges absolutely 

in the half-plane cr > 1 and uniformly in each compact subset of this half-plane. The 
Riemann zeta function is a meromorphic function on the whole complex plane, which 
is holomorphic everywhere except for a simple pole at s = 1 with residue 1. Denote the 
Gamma function by r(s). We have the following functional equation of the complete 
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Riemann zeta function ^(s) (see, for example, Titchmarsh [15], (2.1.13)) 


C('S) =C(l-s), .C(s) :=s(s- 1)7T 



( 1 . 1 ) 


In view of the Euler product, it is seen easily that C(s) has no zeros in the half-plane 
cr > 1. It follows from the functional equation (1.1) and basic properties of the Gamma- 
function that ^(s) vanishes in cr < 0 exactly at the so-called trivial zeros s = —2m, m G N. 
In 1859, Riemann stated that it seems likely that all nontrivial zeros lie on the so-called 
critical line cr = 1/2. This is the famous, yet unproved Riemann hypothesis. In 1896, 
Hadamard and de la Vallee-Poussin independently proved that C(1 + it) 7 ^ 0 for any t G R 
(see Titchmarsh [15], page 45). Hence, we can also see that no zeros of ((s) lie on the 
line 5ft(s) = 0 by (1.1). Therefore, the Riemann hypothesis is rewritten equivalently as 


Riemann hypothesis (/(s) ^ 0 for 1/2 < cr < 1. 


Put Za{t) :=({a — it)/({a), t G R, then Za{t) is known to be a characteristic function 
when cr > 1 (see Khintchine [5] or Gnedenko and Kolmogorov [3], page 75). A distribution 
on R is said to be a Riemann zeta distribution with parameter cr if it has Za-{t) 
as its characteristic function. Recently, the Riemann zeta distribution is investigated 
by Lin and Hu [7], and Gut [4]. On the other hand, in Aoyama and Nakamura [1], 
Remark 1.13, it is showed that Zcr{t) is not a characteristic function for any 1/2 < cr < 1. 
Afterwards, Nakamura [9] showed that iG(t), where iG(t) := f<7{t)/fa{0) and fa{t) ■= 
/■(cr — it)/(cr — it), is a characteristic function for any 0 < ct 7 ^ 1 . 

Note that there are some other papers connected to Riemann zeta function in prob¬ 
abilistic view. Biane Pitman and Yor [2] reviewed known results about ^(s) which are 
related to one-dimensional Brownian motion and to higher dimensional Bessel processes. 
Lagarias and Rains [ 6 ] treated 7 T“®/^r(s/ 2 )^(s) and its generalizations and gave results 
connected to infinite divisibility. 

1.2. Infinitely divisible and quasi-infinitely divisible distribntions 

A probability measure /r on R is infinitely divisible if, for any positive integer n, there is 
a probability measure fin on R such that fi = /x"*, where fin* is the n-fold convolution of 
fin- For instance, normal, degenerate, Poisson and compound Poisson distributions are 
infinitely divisible. 

Let /i(t) be the characteristic function of a probability measure fi on M. and ID(R) 
be the class of all infinitely divisible distributions on R. The following Levy-Khintchine 
representation is well known (see Sato [14], Section 2). Put Dj, := {x G R: —b<x<b}, 
where & > 0. If ^ G ID(R), then one has 



t G R, 


( 1 . 2 ) 





A complete Riemann zeta distribution and the Riemann hypothesis 


3 


where a > 0, A € M and i/ is a measure on R satisfies J^({0}) = 0 and /jjdxp Al):/(dx) < oo. 
Moreover, the representation of p, in (1.2) by a,i/, and A is unique. If the Levy measure 
h' in (1.2) satisfies |a;|j^(da;) < oo, then (1.2) can be written by 


^.{t) = exp 


^t^ + iAot+ [ - l)v{dx) 

^ JR 


Aq S R. 


(1.3) 


For example, the Levy measure of Za{t) := ((a — it)/((o') can be given as in the 
following (see Gnedenko and Kolmogorov [3], page 75). Let be the delta measure at 
X. Then we have 


\ogZa{t)= (e**“ l)A^cr(dx), iV<^(da;) := EEV logp (dx). (1-4) 

Jo p ’’’ 


On the other hand, there are non-infinitely divisible distributions whose characteristic 
functions are the quotients of two infinitely divisible characteristic functions. That class 
is called class of quasi-infinitely divisible distributions and is defined as follows. 


Quasi-infinitely divisible distribution. A distribution ^ on R is called quasi- 
infinitely divisible if it has a form of (1.2) with a G R and the corresponding measure 

is a signed measure on R with total variation measure \iy\ satisfying J^({0}) = 0 and 
/R(|2;pAl)|:/|(da;)<oo. 

We have to mention that the triplet (a, u, A) in this case is also unique if each component 
exists and that infinitely divisible distributions on R are quasi-infinitely divisible if and 
only if a > 0 and the negative part of u in the Jordan decomposition equals zero. The 
measure u is called quasi-hevy measure and has appeared in some books and papers, for 
example, Gnedenko and Kolmogorov [3], page 81, Lindner and Sato [8], Niedbalska-Rajba 
[10], and others (see also Sato [13], Section 2.4). 


1.3. Main results 


In the present paper, we give a complete Riemann zeta distribution by the normalized 
complete Riemann zeta function 


-cr{t) 




- it) := (cr -it){a-l- it)n^'* 


it), 


for any tr S R. It should be mentioned that Scr(t) is symmetric about the vertical axis 
(7 = 1/2 by the functional equation (1.1). Therefore, we only have to consider the case 
(T > 1/2. In order to state the main results, we introduce the following pretended-infinitely 
divisible distribution. 







4 


T. Nakamura 


Pretended-infinitely divisible distribution. A distribution y, on R is called pretended- 
infinitely divisible if it has a form of ( 1 . 2 ) with a G M and the corresponding measure r 
is a signed measure on R with i/({ 0 }) = 0 . 

Namely, pretended-infinitely divisible distributions are infinitely divisible or quasi- 
infinitely divisible distributions without the condition /R(|a;p A l)|i^|(da:) < oo. 

The main results in this paper are following four theorems. 


Theorem 1.1. The function is a characteristic function for any cr S K. Moreover, 

the probability density function Pa{y) is given as follows: 


PAy) ■■= 



oo 


Y^f{ne-y)e-^y, 

n—1 

2/<0, 

00 

^/(ne^)e(l-")^ 

n—1 

2/ > 0, 


(1.5) 


where f{x) := 27T(27ta;^ — 3a;^)e . 

Let Z and be the set of zeros of the Riemann zeta function which lie in the critical 
strip {s € C: 0 < lR(s) < 1}, and the region {s € C: 0 < 5R(s) < 1, S(s) > 0}, respectively. 
If the Riemann hypothesis is true, then each p € .Z+ can be expressed by p = 1/2 -|- iy, 
where 7 > 0 . 

Theorem 1.2. The characteristic function is a pretended-infinitely divisible char¬ 

acteristic function for any l/2<cr<l if and only if the Riemann hypothesis is true. 
Furthermore, we have 


^„{t) = exp 



l)v„{dx) , 


nrj{dx) := 


E 

i/2+i7e2:+ 


^cos(7^ 

2.g(cr-l/2)a: 


( 1 . 6 ) 


under the Riemann hypothesis. 

Let be the set of zeros of C(s) which lie on the half line {s € C: 5R(s) = 1/2,3(s) > 
0 } and Z^ be the set of zeros of C(s) which lie in the region {s g C: 1/2 < 3?(s) < 
l,3(s) > 0}. Note that Z^ = 0 if and only if the Riemann hypothesis is true. One has 
Z = {pA-P- pe- 2 '+}U{p,l-p,p, 1 -p: p&Z^} from ^(s) =C(l-s) and ^(s) =,c(s). 


Theorem 1.3. When a >1, we have 


Ea{t) = exp 



l)v„{dx) , 
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r(dx):=- 


2 003 ( 72 ;) 


(dx) - 

/3+i7G^;" 


2 003 ( 72 ;) 2 003 ( 72 ;) 


j.q{(T—I3)x ^q(i7-1+/3)x 


(1.7) 


(d 2 ;). 


1/2+nezl 

Especially, Scr(i) is a pretended-infinitely divisible characteristic function when a = \. 
Theorem 1.4. When a > 1, we have 


r{t) = exp 


POO 

itXa + / (e‘‘“ - 1 - itxlDi ^2 {x))iya{dx) 

Jo 


e — 1 '^)/2 _ X logTT 

:=-+ 


+ 


a a — 1 

1 e-^ 

X 


/o 


1 — e“ 


1 r 


2 71 


Va{dx)■= 


l(d 2 ;) 




2;eo-x(i _ e-2x) j-go 


-(d-)+EEV ~^r logp (d2;). 


p r—1 


Therefore, the characteristic function zi^a- {t) is not infinitely divisible but quasi-infinitely 
divisible when cr > 1 . 


We oall the di 3 tribution defined by the oharaoterietio funetion 'Ea-(t) the completed 
Riemann zeta distribution. It i 3 well known that ('(s) ha 3 zero 3 on 5R(s) = 1/2 (eee Titeh- 
mareh [15], Seotion 10). By the definition of pretended-infinitely divieible dietribution 
and the faet that exp(z) ^ 0 for any 2 ; S C, the oharaoterietio funetion doe 3 not have ze¬ 
ros. Thus, ^^(t) is not even a pretended-infinitely divisible eharaoteristie funetion when 
cr = l/ 2 . 


2. Proofs 

2.1. Proof of Theorem 1.1 

We quote the following faet from Patterson [12] (see also Biane Pitman and Yor [2], 
Seotion 2). 

Lemma 2.1 (see Patterson [12], Section 2.10). Let f{x) := 2n{2nx'^ — 32:^)e 
Then we have 


as)=2 


poo OQ 
*71 ^ ^ 


n—1 


( 2 . 1 ) 


Note that the last integral is absolutely convergent for all values of s. 
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Proof of Theorem 1.1. By (2.1) and the change of variables x = e ^ and x = e*^, we 
have 


/ OO 1*00 

^dec + 2 / ^dec 

n=i n=l 

/* —OO CO «CO CO 

= 2/ V/(ne-^)e(i+‘‘-'")^(-e-^)dy + 2 / V/(ne^)e(‘‘-'")^(e^) dy 

•^0 n=i -^0 

/ O OO „oo OO 

e‘‘^ ^ f{ne-y)e-^y dy + 2 e'*^ ^ /(ne^)e(i-'")^ dy. 

-OO __1 Jo _1 


Obviously, we have f{x) = 27x(2nx‘^ — 3ec^)e“™ > 0 for any x > 1. Hence, one has 
f{ne~y) > 0 for any y < 0 and n € N, and f{ne^) > 0 for any y > 0 and n G N. Thus 
it holds that 


^/(ne ^)e '^^> 0 , y <0 and ^/(ne^)e^^ > 0 , y > 0 . 


n=l 

On the other hand, we have 

.0 OO 


/ U /•OO 

^/(ne“^)e“'^^ dy + 2 / /(ne^)e^^~°’^^ dy > 0 

n=i •^0 


from ( 2 . 1 ) and the argument above. Hence, Pa{y) defined by (1.5) is nonnegative. There¬ 
fore, we have Scr(t) = Pa{y) dy, where Pcr{y) is the probability density function. □ 


Remark 2.2. It should be emphasised that is a characteristic function for any 

(T G K. On the other hand, Fa{t) := fait)/fa{0), where fa(t) := C,{(j — \t)/{a — \t), is not a 
characteristic function for cr = 0,1 and cr < —1/2. This is proved as follows. When a =1, 
it is well known that C(1 + i^) 0, 0, and C(s) has an only one pole at s = 1. Hence, 

we have 

which contradicts the uniform continuity of characteristic function yit) and p.(0) = 1. 
A similar argument can be done when cr = 0 since ^(s)/s has a simple pole at s = 0. By 
(1.1) and Stirling’s formula, one has 

|C(s)| = 7P-^/^{\t/2\ + + 0((|t| + 2)-^))|C(l - s)| 

for cr < 0. On the other hand, for any e > 0 there are arbitrarily large t which satisfy 
|C(cr + it)| > (1 — £)C{cr) when cr > 1 (see Titchmarsh [15], Theorem 8.4). Thus, we can 
find t which satishes |C(s)| > 7 T°’~^/^|t/ 2 |“'’'+^/^/'(l — cr)/2. Hence, there exists t G M such 
that \Fa{t)\ > 1 when cr < — 1/2 by the factor |t/ 2 |“'^+^/^. 
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The absolute value of a characteristic function is not greater than 1 (see for instance 
Sato [14], Proposition 2.5). Hence, we have the following inequality by Theorem 1.1. 


Corollary 2.3 (see Patterson [12], Section 2.11). For any t £ M and 1/2 < a, we 

have 


(cr + it)(cr-l + it)7T + <cr(cr-l)7T ({a) 


2.2. Proof of Theorem 1.2 


Recall that Z is the set of zeros of the Riemann zeta function which lie in the critical 
strip js £ C: 0 < 5R(s) < 1} (see Section 1.3). Observe that by the functional equation 
and C(s) =({s) H p & Z then p,l — p,l — p £ Z. There are no real elements of Z since 
^(tr) < 0 and 0 < r(CT/2) when 0 < cr < 1 (see Section 1.1 and the proof of Theorem 1.1). 
Now we quote the following fact from Patterson [12]. 

Lemma 2.4 (see Patterson [12], page 34). Let := {p £ Z: 5(p) >0}. Then 
converges for all a> 1 and it holds that 

«») = ,(.- (]i]) c(,) = n (i - ;) (i - T^) (2^2) 

the product being absolutely convergent for all s £ C. 


Proof of Theorem 1.2. If So.(t) is a pretended-infinitely divisible characteristic func¬ 
tion for any 1/2 < cr < 1, then (/{s) 0 for any 1/2 < cr < 1 by exp(z) ^ 0 for all z £ C, 

r(s) ^ 0 for any 1/2 < ct < 1 and the representation (1.2). 

Next suppose that the Riemann hypothesis is true. Then we have p = 1/2 -|- iy and 
1 — /9=1/2 — iy, where y > 0 for p £ Note that the exponential distribution with 
parameter a > 0 is defined by p{B) := a dx, where B £ iB(R). The char¬ 

acteristic function is given by /j(t) = a/{a — it) (see, for example, Sato [14], page 13). 
Moreover, it is well known that 


a — iz 


— = exp 


(e'^“ - l)a;-ie-“"^ dx 


L ./0 


a > 0, z £ ] 


(2.3) 


(see, for instance, Sato [14], page 45). The formula above holds if a is replaced by a with 
5R(a) > 0. This is proved as follows. Put a = a + ib, a > 0 and 6 £ R. Then one has 

a a Fib a 


a — iz 


a a -|- i6 — iz 


= exp 


■ nOO nOO 

/ (e‘(^-'')“-l)x-^e-“"^dx- / (e-‘''“ - l)x-^c 

Jo Jo 


(2.4) 













T. Nakamura 


= exp 


dx 


5R(a) > 0, 


by (2.3). Thus, it holds that 


1- 


a — \t 


1-^ 


1/2 — (T + i(7 +1) 1/2 + iy a —1/2 —vy —it 

1/2 +iy 1/2 — cr + iy cr — 1/2 — iy 


= exp 




where cr > 1/2. It should be noted that we have a — p,l— p when tr > 1/2 under the 
Riemann hypothesis. Therefore, one has 


Pp{t) := 1 - 


cr — it 


1 - - 
P 


1 - 


cr — it 
I-p 


1 - 


1 -p 


cr — 1/2 — iy — it cr — 1/2 + iy — it 


cr—1/2 —iy cr—1/2 + iy 
= exp 


(2.5) 


2 


— l/2)x 


We remark that x ^ cos(yx)e*'^/^ '^^^(dx) is not a measure but a signed measure since 
one has — 1 < cos(yx) < 1 when y € R. By (2.2) and the definition of Scr(t), we have 


s.(t)= n 

7e-Z+ 
= exp 

This equality implies (1.6). 


• — 1/2 — iy + it cr — 1/2 + iy + it 
cr — 1/2 — iy cr — 1/2 + iy 

cos(yx) 


_ pOO 

2 / (e**“-l) 

. /o , Jo 


1/2-\-i-yGZ+ 


^0^(7 — 


dx 


□ 


Remark 2.5. It should be mentioned that +i/2+i7(t) defined by (2.5) is not a charac¬ 
teristic function for any cr > 1/2. It is proved by as follows. Obviously, one has 

, (a-I/2)2 + y2-t2 + (2a-l)it 

1 / 2 ) 2+^2 -■ 

If we take t^ = 2((cr — 1/2)^ + y^), then |+i/2+i7(t)P > 1- 


2.3. Proof of Theorem 1.3 

Recall that Z, and is the set of zeros of C,{s) which lie in {s G C: 0 < lR(s) < 1}, 
{s G C: lR(s) = 1/2,3(s) > 0} and {s G C: 1/2 < lR(s) < l,5(s) > 0}, respectively. Then 
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one has Z = {p,l — p: pG Z^} \J {p,l — p, p,l — P- P G ^+}- We have the following by 
Lemma 2.4. 

Lemma 2.6. The sums \p\~°' \p\~°' converge for all a > 1 and it 

holds that 


«M= n 1 - 


l/2+i7G2f 


1 - 


1/2 + 17/ y 1/2 — 17 


nb 




1 - 


1-p 


1 -- 1 - 


1-p 


( 2 . 6 ) 


the products being absolutely convergent for all s € C. 


Proof of Theorem 1.3. Put s = a — it. Then we have 


1 -- 1 -- 


-1 


1 - 


1 - 


l-p/\ 1-p 


a — /3 — ij — it a—1 + /3 — ij — it 
(j — ft — yy a — 1 + (3 — yy 

fOO 


= exp 


(e'*“ _ 


/o 


1 - 


from (2.4). By replacing p by p, we obtain 

PJ 

= exp 

/o 


P 


1 - 


l-pj\ 1-p 


b® _ 1 'ip(/3-o--i7)2 


(e““ - l)e 


(e‘*“ _ ^^g(l-/3-cr-i7)a: 


We have to mention that one has fi — a <0 and 1 — /3 — cr < 0 since f{s) 0 for cr > 1 
(see Remark 2.7 below). Hence, one has 

(1 - s/p)(l - s/p)(l - s/(l -p))(l - s/(l - p)) 


(1 - cr/p)(l - cr/p)(l - cr/(l - p))(l “ cr/(l - p)) 


= exp 

Therefore, we have 


-2 


nOC 

/ (e“" - 1) cos(7x)(e(^-'^)" + 

^0 


dx 

X 


_ pOO 

r(t)=exp —2 ^ / (e‘‘^ — 1) cos(7x) 

1 /o I -3-^ *^0 


X 
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by (2.6) and the definition of ^cr(t)- 


□ 


Remark 2.7. By modifying the proof above, we can see that one has (1.7) for any 
O' > (To > 1/2 if C(s) does not vanish for cr > (Tq. 

2.4. Proof of Theorem 1.4 

In order to prove Theorem 1.4, we first prove the following lemma which is an analogue 
of Nikeghbali and Yor [11], Lemma 2.9. 

Lemma 2.8. Let Ga-{t) = r(CT — it)/T{a) for 0 < cr. Then G^{t) is an infinitely divisible 
characteristic function for any cr > 0. Moreover, one has 





Proof. By the integral representation of r(s) and the change of variables x = e we 
have 




Therefore, the probability density function is given by exp(—cry — e“^)/r(cr). 

Next, we quote Malmsten’s formula (see, for example, Whittaker and Watson [16], 
page 249) 



Hence, it holds that 
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r-l /^itx 

e'^^(l - e-'^) 


— ite 


\txe~'^^ \ dx 
1 — e~^ ) X 
/■i 


oo / \tx 


gitx _ I 


1 


— ite 


dx 

X 


j ie“(l-e-) “ + y„ 


1 — e” 


e 


Therefore, we obtain Lemma 2.8. 


□ 


For the reader’s convenience, we give a proof of (1.4). By the Euler product of C(s) 
and the Taylor expansion of log(l — x), |a;| < 1, one has 


log 


C(a-it) 1-p- ^v^l 


=E ip'“ - 1) 


C(o') 


p r—1 


oo -| poo oo -| 

^ -_ 1 ' j—oo _ _ 1 ' 


p r—1 

This equality implies (1.4). 

Proof of Theorem 1.4. We have 


p r—1 


S.(t)=7ti*/2G (t/2) 


by the definition of ^a{t)- It holds that 


• — it cr — 1 — it ({a — it) 
cr tr — 1 (C('^) 


, , , it , , , e‘(‘/2)x _ 1 _i(i/2 )a:lro i,(x) 


= it 


C(a/2) 


I 


OO Atx 


e‘*’^-l-itxl[o,i/2](x) 

Xq<tx(^1 _ g-2a:) 


dx 


from Lemma 2.8. Obviously, one has 1/2 < rlogp for any integer r and prime number p 
since log2 = 0.6931471806_Hence by using (1.4), we have 


log 


C(cr-it) 


C(ct) 

When (T > 1, one has 
a — it 


/ OO OO - 

(e“^ - 1 - itxl[o,i/2] (x)) -p~’''^Sriogp(dx). 

-OO __1 ^ 


p r—1 


= exp 


= exp 


(e'*^ - 1 - itxl[o,i/2] + itxl[o,i/2])e' 


, dx 


e‘*"-l-itxl;o,i/2](x) _ .^ l-e---/^ 

T xe"^^ a 
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by (2.3). Thus, it holds that 


cr — it cr — 1 — it 
a a — 1 


= exp 


^ . 1 4- e“ 

(e‘‘" - 1 - itxl[0,1/2] {x))-^dx - it 


(7 a — 1 


If X is sufficiently large, then we have 

1 


1 + e^ 


^q<7X _ q-2x'j 


< 0 . 


Thus v„ in Theorem 1.4 is not a measure but a signed measure. 

Finally, we show /g(|a;p A l)|j^cr|(da;) < oo when ct > 1. By using (1 — e~^)x < 1 — 
for 0 < a; < 1 and 1 — e“^ < 1 — e“^“ for a; > 1, we have 


— ‘ <TX 


Jo a;e'^“(l-e-2“) 

Obviously, it holds that 

/•°° (l + e")(|xpAl) 

. n xe^^ 


/o 


da; 


a;e° 


< 


da; 


< oo. 


Jo xe(‘^-^)^ Jo eO-i)^ 


da; 


< oo. 


From J2vP = C(o') “ 1: one has 


^n—2 

/*oo CXD 


eeV- logp 
p r—1 

oo - oo oo oo 

=1:1: V" < E"-+1:1:1 


p r—1 


p r—1 


n—1 


p r—2 


-2(7 


= C(^) + E l^_p-a < C(^) + E 


—2rr 

n 


1 - 2 - 


<C(cr) + (l —2 '^) ^C(2o')<oo. 

Therefore the characteristic function 'E.a-(t) is not infinitely divisible but quasi-infinitely 
divisible. □ 


Remark 2.9. Suppose cr and put 


O’ — 1 „ 

O’ — 1 — it 


.{t). 


Kit): 
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Then S* {t) is a characteristic function for any ct 7^ 1 by the fact that the product of a 
finite number of characteristic functions is also a characteristic function. By modifying 
the proof above, we have 


Kit) 

K 

v*idx) 


exp 


pOO 

hA* + / (' 
Jo 


e'*^ - l-itxl[Q^i/2]ix))vl{dx) 


1—e logTT 1 ^ e 

^ ^ ^ 2 ./ 


l(da;) 


l(dx) 

xe°'“(l-e-2^) xeA^ 


1 — e“ 


p r—1 


dx — - 
2 


“^rlogp(dx) 



dx 

X 


for a > 1. Therefore the characteristic function S* (t) is infinitely divisible for any a > 1 
since one has 


XqCtx _ q-2x^ j.Qax 

Moreover, we can see that every characteristic function S* (t) is a pretended-infinitely 
divisible characteristic function for each 1/2 < cr < 1 if and only if the Riemann hypothesis 
is true by an argument similar to that in the proof of Theorem 1.2. In addition, it holds 
that 


Kit) 

iy*idx) 


exp 



l)j^/(da;) 


1( —oo,0) 

_a,e(o'-i)x 


E 

1 / 2 +i'fGz^ 


2 cos(7a;) 

^0^(7 — \ j ‘2i^CC 


1(0, 00 ) (dx), 


for 1/2 < a < 1, under the Riemann hypothesis. This is proved by (1.6) and 


(7 — 1 


a — 1 —\t 


1 — (7 
1 — (7 + it 


= exp 



l)e(—1)-^ 

x 



r poo 


r r° (e‘*"=-i)dxl 

exp 

i 

7 

_I 

= exp 

i_oo a;e(—1)- 


when 1/2 < cr < 1. 

It is well known that convolving a density with a normal density to make distributions 
more well-behaved. In this case the exponential distribution is the one that makes things 
nicer since when cr > 1, the complete Riemann zeta distribution defined by So-(t) and 
the distribution defined by S*(t) are quasi-infinitely divisible and infinitely divisible, 
respectively. 
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